For any prime p the density of elements in F * p having order, respectively index, congruent to a(mod d) is being considered. These densities on average are determined, where the average is taken over all finite fields of prime order. Some connections between the two densties are established. It is also shown how to compute these densities with high numerical accuracy.
Introduction
Let F * q be the multiplicative group of a finite field F q and let x ∈ F * q . The order of x is the smallest positive integer k such that x k = 1, the index is the largest number t such that x 
In the next subsection a characteristic zero version of δ(a, d) and ρ(a, d) will be discussed. Indeed, these characteristic zero quantities (exhibiting far more complicated behaviour) motivated the author to study δ(a, d) and ρ(a, d). The behaviour of these characteristic zero quantities turns out to have many resemblances with that of δ(a, d) and ρ(a, d).
Connections with characteristic zero
Let g ∈ Q\{−1, 0, 1} and p be a prime. By ν p (g) the exponent of p in the canonical factorisation of g is denoted. If ν p (g) = 0, then g can be considered as an element of F less easy than that of ρ g (a, d). Byδ g (d) the vector (δ g (0, d), · · · , δ g (d − 1, d)) (if it exists) is denoted. Up to this century onlyδ g (2) had been evaluated. Recently Chinen and Murata [2, 12] computedδ g (4) (on GRH) under the assumption that g is a positive integer that is not a pure power. In [8] , on GRH,δ g (3) andδ g (4) are evaluated for each g ∈ Q\{−1, 0, 1}. If d|2(a, d), then δ g (a, d) can be evaluated unconditionally, cf. [1, 14, 19, 20] . Let G be the set of rational numbers g that cannot be written as −g h 0 or g h 0 with h > 1 an integer and g 0 a rational number. By D(g) the discriminant of the number field Q( |g|) is denoted. The functions N(a, d)(x) and N ′ (a, d)(x) can be considered as naive heuristic approximations of N g (a, d)(x) and N ′ g (a, d)(x) (if S is any set of non-negative integers then S(x) denotes the number of elements in S not exceeding x). For more on heuristics and primitive root theory, see [4, 5] . Theorem 2 and Theorem 3 say that as D(g) becomes large, the naive heuristic for δ g (a, d) and ρ g (a, d) become more and more accurate. Some related numerical material is provided in Table 3 and Table 4 . The next result is proved in [10] .
In this paper the following similar (but easier) result will be proved.
It turns out that both δ(a, d) and ρ(a, d) are much more accessible quantities than δ g (a, d), respectively ρ g (a, d). In the light of the latter two theorems it thus seems of some importance to compute δ(a, d) and ρ(a, d), which is the purpose of this paper. The more complicated nature of
) is rather more difficult to compute than ρ(a, d).
As a prelude to proving Theorem 3, its 'index equals t' analog is proved in Section 2. Theorem 3 is then proved in Section 3 (this involves evaluating ρ(a, d)). In Section 4 Theorem 1 is considered. In Section 5 an Euler product A χ involving a Dirichlet character χ is studied and it is shown how ρ(a, d) and δ(a, d) can be expressed in terms of A χ 's. Since A χ can be evaluated with high numerical accuracy (Sections 6 and 7) this then allows us to evaluate ρ(a, d) and δ(a, d) with high numerical precision.
Index t
Let ρ p (t) denote the density of elements in F * p having index t. Note that ρ p (t) = ϕ((p − 1)/t)/(p − 1) if p ≡ 1(mod t) and ρ p (t) = 0 otherwise. By the method of proof of Theorem 4 (cf. [5, p. 161] ) it is easy to show that, for every B > 0,
where Li(x) denotes the logarithmic integral. Now
.
The latter sum has as argument a multiplicative function in n. On applying Euler's identity, it is then inferred that
where
denotes Artin's constant and
Combination of (1) and (2) yields the following result.
Thus, the density of elements in F * p with index t equals Ar(t) on average.
Let N g (t) denote the set of primes p with r g (p) = t. If g ∈ Q\{−1, 0, 1}, then it can be shown [3, 18] , under GRH, that N g (t) has density
For an explicit evaluation of this density see [11, 18] . We can now prove the following result.
Corollary 1 (GRH).
The density of N g (t) exists and if D(g) → ∞ with g ∈ G, tends to the average density, Ar(t), of elements in F * p having index t.
The latter corollary is the 'index equals t' analog of Theorem 3.
Proof of Proposition 2. By (4) and the evaluation of the degree [Q(ζ k , g 1/k ) : Q] as given in [18] , it is deduced that
On noting that ϕ(zw) ≥ ϕ(w)ϕ(z), with w and z arbitrary integers and using that k 1/(kϕ(k)) < 2.21, the result then follows. 2 Remark 1. The sum k 1/(kϕ(k)) can be written as an Euler product of the form
for j = 1, 2 and monic. Using Theorem 2 of [6] such Euler products can be expressed in terms of values at integer points of the (partial) Riemann zeta-function. This enables one to evaluate these constants with hunderds of decimals of precision, see [13] . A similar idea forms the basis of Theorem 6 and Theorem 7.
Computation of ρ(a, d)
Equation (4) suggests that, under GRH, one should have
(In this proposition and in the sequel sums over t are assumed to run over positive integers only.) Indeed by [15] , cf. [8] , Proposition 3 is known to be true. Similarly one would expect that ρ(a, d) satisfies (7) as can indeed be proved.
Theorem 4
For every B > 0 one has
and the implied constant depends at most on B.
Proof. One has
On using that ϕ(n)/n = m|n µ(m)/m, one obtains
Writing v = mt and bringing the summation over p to the inside, one obtains
The summation range is split up into the range v ≤ log B+1 x and log B+1 x < v ≤ x. In the former range the Siegel-Walfisz theorem (see e.g. [17, Satz 4.8.3] ) is invoked and for the latter range the trivial estimate p≤x, p≡1(mod v) 1 < x/v is employed. Let d(v) denote the number of divisors of v. Together with the trivial estimate
ǫ , which holds for every ǫ > 0, one concludes (cf. [5, p. 161] ) that (6) holds with
Interchanging the order of summation and using (2) one infers that
This concludes the proof. 2
Let a > 0. As d becomes large, the first term in the second summation in (7), Ar(a), tends to be dominant by Corollary 4. In particular, lim d→∞ ρ(a, d) = Ar(a).
Proposition 4 One has
Proof. Note that By ω(m) the number of distinct prime divisors of m is denoted.
Proposition 5 (GRH).
Let g ∈ G and m be as in Proposition 2, then
Proof. By Theorem 3, Proposition 3 and (5) one infers on putting kt = v that, under GRH,
On noting that
mϕ(m) , the result follows. 2
Since 2 ω(m) /(mϕ(m)) tends to zero with increasing m and m tends to infinity as D(g) tends to infinity, Theorem 3 is a consequence of Proposition 5.
The following result is concerned with Q-linear relations between the ρ(a, d)'s with d fixed. 
Proof of Lemma 1. It is easy to show that
It is thus enough to show that
Note that (α, δ) = 1. Let δ 1 be the largest divisor of (a, d) with (δ, δ 1 ) = 1 and write (a, d) = δ 1 δ 2 . If α, δ, δ 1 and δ 2 are being used for integers other then a and d, then this will be made explicit in the notation. Thus the meaning of δ 1 (a j , d), which appears later in the proof, should be obvious. Note that
The proof proceeds with induction with respect to the number of distinct prime divisors of δ 1 . If ω(δ 1 ) = 0, then δ 1 = 1 and one has to show that ρ(α, δ) ∈ V d , where α(mod δ) is a reduced residue class mod δ. Since α(mod δ) lifts to d/δ reduced residue classes mod d, this is clear. If ω(δ 1 ) = 1, then δ 1 = q e with q a prime and e ≥ 1. Then one has
where 
Note that
The latter sum equals a rational multiple times
for some integer a j . Note that δ 1 (a j , d) = (j, δ 1 ). Thus by the induction hypothesis all terms in (10) with γ(δ 1 ) ∤ j are in V d (where γ(δ 1 ) denotes the squarefree kernel of δ 1 ). One infers that 
Proof of Theorem 1
Proof of Theorem 1. 1) Note that
Proceeding as in the proof of Theorem 4, one infers that
Now for the inner sum to be non-zero the two congruences must be compatible. By the Chinese remainder theorem this is the case if and only if 1 ≡ 1 + ra(mod r(m, d)), that is if and only if a ≡ 0(mod (m, d)). If the two congruences are compatible, then they form a reduced residue class if and only if (1 + ra, d) = 1. If the residue class is not reduced it contains at most one prime and the contribution of these primes to N(a, d)(x) is bounded in absolute value
where C is to be chosen later. All error terms arising in this way are easily seen to be of the claimed order of growth, except the error term
, which arises on completing the sum
,
] > log C x implies rmd > log C x and using that ϕ(zw) ≥ ϕ(z)ϕ(w), one obtains, cf. the proof of part 2,
From this E(x) is easily seen to be O B (x/ log B x), when C is chosen to be sufficiently large. 2) By part 1 it is enough to show that
On writing m = m 1 m 2 one obtains
3) The condition on d and
By part 2 one then finds
On noting that ϕ(mrd 1 ) = ϕ(mrd)d 1 /d, the proof of part 2 is completed. 4) By part 2 one has, on writing mr = v,
The inner sum equals one if γ(v)|d and zero otherwise. Thus
The formula for δ(d, 2d) easily follows from that of δ(0, d) and the observation that δ(0, 2d) + δ(d, 2d) = δ(0, d). 5) An easy consequence of part 3 and part 4. 6) Using part 2 and (2), one infers that
The proof is then completed on invoking part 3 and (7). 7) By part 2 one can write
Denote the inner sum in (12) by I 2 . One has
One thus obtains that
This equation together with the latter one derived for δ(a, d) and (2), then yields the result. 
Lemma 2
The function h χ is multiplicative and satisfies h χ (1) = 1 and furthermore
, where the convention that 0 0 = 1 is adopted.
In particular if χ is the trivial character mod d, then
By using one of the orthogonality relations for Dirichlet characters, the following result is easily inferred.
Lemma 3 Let a(mod d) be a reduced residue class mod d. One has
In what follows sums of the form
will feature. It is easy to see that this sum is absolutely convergent. Since its argument is multiplicative, one then obtains that the latter sum equals
Note that if χ is the principal character, then A χ = 1. For a fixed prime p and α ∈ R, 0 ≤ α < 1 let
A tedious analysis shows that |f p (α)| as a function of α is decreasing for 0 < α ≤ 1/2 and increasing for 1/2 ≤ α ≤ 1. Thus
where the lower bound holds true iff α = 1/2 and the upper bound iff α = 0. It follows that |A χ | ≤ 1 with A χ = 1 iff χ is the principal character mod d. If χ ′ is the primitive Dirichlet character associated with χ, then the Euler products of A χ and A χ ′ differ in at most finitely many primes and hence can be simply related.
It will be shown in Theorem 5 that ρ(a, d) and δ(a, d) can be expressed in terms of A ′ χ s, where χ ranges over the Dirichlet characters mod d. The proof makes use of the following proposition.
, where w = (a, d), α = a/w and δ = d/w. In particular, if (a, d) = 1 then
. Proof of Proposition 6. From (8) and Lemma 3 one easily infers that
On noting that the argument of the inner sum is multiplicative in v, the result follows on applying (13) and Euler's product identity. 
Using Table 2 , these densities can then be numerically approximated. One can now infer how the densities can be expressed in terms of A χ 's.
Theorem 5 Let α and δ be as in Proposition 6. Then
where χ 1 , · · · , χ ϕ(δ) are the characters mod δ. Let λ denote Carmichael's function, that is λ(d) equals the exponent of the group (Z/dZ) * , then
Proof. The first part is a straightforward consequence of Proposition 6. The second part follows on applying part 7 of Theorem 1 and Proposition 6 together with the observation that if δ|d, then any character χ ′ mod δ can be lifted to a character χ mod d, such that A χ ′ = cA χ , where c ∈ Q(ζ λ(d) ).
2
The next result follows on combining Proposition 6 with part 7 of Theorem 1.
Proposition 7
Suppose that q is a prime and q ∤ a. Then
The Euler product A χ can also be expressed in terms of ρ(a, d) ′ s. This yields
. Thus, by (9) and ρ(a, d) ≥ 0, one finds
with equality iff χ is the principal character mod d.
The numerical evaluation of δ(a, d) and ρ(a, d)
Consider the numerical evaluation of the constant A χ . To this end it turns out to be more convenient to consider
Recall that L(s, χ), the Dirichlet series for the character χ, is defined, for
Theorem 6 Let p 1 (= 2), p 2 , · · · be the sequence of consecutive primes. Let χ be any Dirichlet character and n ≥ 31 (hence p n ≥ 127). Then
Proof. The first step is to note that
An upper bound for the kth term in the latter product is given by
where t = 1/p k . For t ≥ 127 some analysis shows that the latter expression is bounded above by 1 + t 4.85 . Using this one obtains
Since the Artin constant (see e.g. [13] ) and L(2, χ), L(3, χ) and L(4, χ) can be each evaluated with high numerical accuracy, Theorem 6 allows one to compute A χ with high numerical accuracy. Using Proposition 6 and part 7 of Theorem 1, ρ(a, d), respectively δ(a, d) , can then be evaluated with high numerical precision.
A more straightforward, but numerically much less powerful, approach in computing ρ (a, d) and δ(a, d) , is to invoke part 7 of Theorem 1 and compute ρ(a, d) using the identity ρ(a, d) = A t≡a(mod d) r(t). One has the following estimates.
Corollary 4 Let a > 0 and a + d ≥ 6, then
The most important ingredient of the proof will is the following lemma (the idea of which was suggested to the author by Carl Pomerance [16] ).
Lemma 4 For x ≥ 6 one has
Proof. Using that ϕ(n) ≥ log(2n)/(n log 2) and that k≥y 1/k 2 < 1.075/y for y ≥ 6, one finds, for x ≥ 6,
For x ≥ 45000 the latter upper bound is bounded above by 2.1/x. After calculating ∞ n=1 1/(nϕ(n)) with enough precision (see Remark 1) and using that
the result follows after verification in the range (6, 45000) (this verification is easily seen to require only a finite amount of computation, cf. [7, Lemma 4] ). 2
The above argument can be easily adapted to show that
Proof of Proposition 8. From (7) and r(t) ≥ 0, one infers that
By (3) one has
On invoking Lemma 4, the result then follows. 2
The terms AL(2, χ)L(3, χ)L(4, χ) in Theorem 6 form the beginning of an expansion of B χ in terms of special values of L-series.
Theorem 7 Define numbers G (r)
j+1 by
One has
where F j denotes the jth Fibonacci number (thus F 0 = 0, F 1 = 1 etc.). The numbers defined by
j+1 z j are known as convolved Fibonacci numbers and hence a reasonable term for the integers G (r)
j+1 might be 'convoluted convolved Fibonacci numbers'. For the convenience of the reader Table 1 gives a small sample of these numbers.
The positivity of the numbers (−1) r−1 λ(k, r) is established in [9] , where the numbers G (r) j+1 are investigated. The argument uses Witt's dimension formula for free Lie algebras. The remaining part of Theorem 7 follows from the following more general result.
Theorem 8 Suppose that f (z) allows a formal power series in z having only integer coefficients, i.e. f (z) = j≥1 a(j)z j with a(j) ∈ Z. Let g(z) = j≥1 |a(j)|z j and let j 0 ≥ 0 denote the smallest integer such that a(j) = 0. Let
Then, as formal power series in y and z, one has
Moreover, the numbers h(j, k) are integers. Let ǫ > 0 be fixed. The identity (14) holds for all complex numbers y and z with g(|z|)y < 1 − ǫ and |z| < ρ c , where ρ c is the radius of convergence of the Taylor series of g around z = 0. If, moreover, ρ c > 1/2, g(1/2) < 1 and p g(
Proof of Theorem 7. Note that
By the first part of Theorem 8 one infers that, as formal series,
on noting that G 
). The Taylor series for g has radius of convergence ρ c = ( The proof given here of Theorem 7 rests on the following lemma.
Lemma 5 Suppose that f (X, Y ) = j,k α(j, k)X j Y k with α(j, k) integers and f (0, 0) = 0. Then there are unique integers e(j, k) such that, as formal series, one has
. This can be written as 1 + g(X, Y ) where all the coefficients of g(X, Y ) are integers and the term of lowest weight in g(X, Y ) has strictly larger weight than the term of lowest weight in f (X, Y ). Now iterate.
It is not obvious from this argument that if one starts with a different weight ordering of the terms X j Y k we end up with the same integers e(j, k). Suppose that h(X) has integer coefficients, then the coefficients e(n) in 1 + h(X) = ∞ n=1 (1 − X n ) e(n) are unique, cf. [6] . Hence, by setting X = 0, respectively Y = 0, one obtains that e(0, k), respectively e(j, 0) are uniquely determined.
, where v(n) is uniquely determined and v(2m) = e(2m, 0) + e(m, 1) + e(0, 2). The uniqueness of e(0, 2), e(2m, 0) and f (2m) then implies the uniqueness of e(m, 1). The proof will be completed by using induction. So suppose one has established that e(j, k) with k ≤ r for some r ≥ 1 are uniquely determined. Using that v((r + 2)m) = r+2 k=0 e((r + 2 − k)m, k), one infers by the induction hypothesis and using that e(0, r+2) and v((r+2)m) are uniquely determined, that e(m, r+1) is uniquely determined.
Proof of Theorem 8. By Möbius inversion and the definition of H (r) (z) one infers that
from which it is inferred that
The latter identity with both sides divided out by y can be rewritten as
Formal integration of both sides with respect to y gives
On writing f 1 (z) = f (z)/z j 0 and y 1 = yz j 0 and expanding 1−y 1 f 1 (z)(= 1−yf (z)) in terms of y 1 and z, it is then seen that (14) holds. The integrality of h(j, k) follows by Lemma 5.
The formal argument can be certainly made rigorous in the situation where
Tables
Explanation to Table 1 . Table 1 gives some values of convoluted convolved Fibonacci numbers G (r) j . These numbers are defined in Theorem 7.
Explanation to Table 2 . For every character χ of modulus ≤ 12, A χ can be deduced from the table below. In every case the value of χ is given (in at most two arguments) such that χ is uniquely determined by this. If χ itself is not in the table, its complex conjugateχ will be (in which case one has A χ = Aχ) or χ is the principal character (in which case A χ = 1). Although A χ for χ not a primitive character can be easily related to A χ ′ with χ ′ a primitive character, for the convenience of the reader the numerical approximations to A χ for the non-primitive characters are listed as well.
Explanation to Table 3 . An entry in a column having as header the number a and in a row starting with an integer d, respectively a −, gives the first five decimal digits of δ(a, d), respectively δ(a + 6, d). If an entry is in a row labelled ≈, let δ(a, d) be the entry directly above it. Then the number given equals N −19 (a, d)(x)/π(x) with x = 2038074743 (and hence π(x) = 10 8 ).
Explanation to Table 4 . Similar to that of Table 2 (and with the same value of x). In case d = ∞ one has δ(a, d) = Ar(a) for a ≥ 1 and N ′ g (a, ∞)(x) denotes the number of primes p ≤ x with v p (g) = 0 such that g has index equal to a. Here x = 1299709 (and hence π(1299709) = 10 5 ). 
